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Dimension
Two classes of compacta were introduced: the class of metrcompacta and more wide
class of weak metrcompacta. Both classes are countably productive. The class of weak
metrcompacta is a strict subclass of uniform Eberlein compacta. For any cardinal number τ ,
there exists a rather simple metrcompactum that is a topologically universal element
in the class of all weak metrcompacta (and metrcompacta) of weight τ . Every weak
metrcompactum (in particular, every metrcompactum) has a 0-dimensional map onto a
metrizable compactum and so the dimensions dim, ind, Ind and  coincide for all weak
metrcompacta (and metrcompacta). Every metrizable space X has a compactiﬁcation cX
that is a metrcompactum with dim X  dimcX .
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Metrizable compacta have the best properties from the point of view of general topology and metrizable spaces of
countable weight have metrizable compactiﬁcations. Unfortunately, metrizable spaces of non-countable weight have no
such compactiﬁcations. It seems to me that it is a very interesting problem to ﬁnd a non-metrizable analog of metrizable
compacta.
Below “space”, “map”, “compactum”, “paracompactum” “fo” will be used instead of “topological space”, “continuous
mapping between spaces”, “compact Hausdorff space”, “paracompact Hausdorff space” “functionally open” respectively. If we
have maps f : X → Y , g : B → Z and A ⊂ X , B ⊂ Y , f A ⊂ B , then in the formula g ◦ f |A , we shall not indicate that we take
the corestriction corB f |A to B of the restriction f |A . In the similar situations, we shall act in the same way.
The Alexandroff sequence Aτ of weight τ is the one-point compactiﬁcation of the discrete space Dτ of weight τ . Some-
times for a set X , we shall identify any family λ of subsets of X with any family λ ∪ λ′ , where all members of λ′ are the
empty subsets of X . For a set S , ﬁn(S) is the set of all non-empty ﬁnite subsets of S .
1. Preliminaries
Recall some deﬁnitions and assertions concerning partial topological products (PTP’s, for short) (see [7]).
For a system of maps fα : Xα → Y , α ∈A, the fan product of Xα with respect to fα , α ∈A, is the subspace X of the
Tychonoff product Π =∏{Xα: α ∈ A} consisting of all points x = {xα}α∈A ∈ Π with fα(xα) = fβ(xβ) for any α,β ∈ A.
For the projection prα of the product Π to its factor Xα , the restriction πα = prα |X is called the short projection of the
fan product Π to its factor Xα . Evidently, there exists a map p : X → Y such that p = fα ◦ πα for any α. It is called
the long projection of the fan product Π (sometimes it is called the ﬁber-wise product of maps fα ). If we have maps
ϕα : Φ → Xα such that fα ◦ ϕα for any α and  is the diagonal product of these ϕα , then Φ ⊂ X . So sometimes (in the
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Tychonoff product).
For spaces B , F and an open subset O of B the elementary partial product (EPTP, for short) X = P (B, O , F ) is the set
(B \ O ) ∪ (O × F ) with the following topology: a base for it consists of 1) the topology of topological product O × F and
2) all sets p−1U , where U is open in B and p : X → B is identical on B \ O and coincides with the projection of the product
O × F to its factor O on O × F . Evidently, p is a map. It is called the projection of the EPTP X . The projection of O × F to
the factor F is called the side projection and B , F are called the base and the ﬁber of the EPTP X respectively.
Evidently, if C ⊂ B , then Q = p−1C coincides with PC = P (C,C ∩ O , F ), p|Q coincides with the projection of the EPTP
PC and q|p−1(C∩O ) is the side projection of the EPTP PC .
Now let we have spaces B , Fα and open subsets Oα of B , α ∈A. Then the EPTPs Xα = P (Bα, O , Fα) with the projections
pα and the side projections qα are deﬁned. The partial topological product (PTP, for short) X = P (B, Oα, Fα; α ∈A) with
the base B and the ﬁbers Fα is the fan product of the spaces Xα with respect to the maps (projections) pα , α ∈A. In this
situation, the long projection p : X → B (respectively, the short projections πα : X → Xα) of the fan product X are called
the long projection (respectively, the short projections) of the PTP X .
Evidently, if C ⊂ B , then Q = p−1C coincides with PC = P (C,C ∩ Oα, Fα; α ∈A), p|Q and πα |Q , α ∈A, coincide with
the long and the short projections of the PTP PC , respectively.
If we have an EPTP X = P (B, O , F ) with the projection p and the side projection q and maps ϕ : Φ → B , ψ : ϕ−1O → F ,
then the diagonal product  = (ϕ,ψ) : Φ → X of ϕ and ψ is deﬁned in the following way: (t) = ϕ(t) for any t ∈ Φ \
ϕ−1O (i.e., |Φ\ϕ−1O = ϕ|Φ\ϕ−1O ) and (t) = (ϕ(t),ψ(t)) for any t ∈ ϕ−1O (i.e., the corestriction to O × F of the restriction
of  to ϕ−1O (i.e., corO×F |ϕ−1O ) is the (usual) diagonal product of corO ϕ|ϕ−1O and ψ ). Evidently,  is continuous and
ϕ = p ◦ , ψ = q ◦ |ϕ−1O .
Now let we have spaces Φ , B , Fα and open subsets Oα of B , α ∈ A, and let maps ϕ : Φ → B and ψα : ϕ−1O → Fα
be given. Then the EPTP Xα = P (Bα, O , Fα) with the projections pα and the side projections qα and the diagonal products
δα = (ϕ,ψα) : Φ → Xα are deﬁned. Hence for the PTP X = P (B, Oα, Fα; α ∈A) with the long projection p and the short
projections πα , the diagonal product  : Φ → X of all δα is deﬁned. It will be called the diagonal product of ϕ and ψα , α ∈A,
and will be denoted by the symbol (ϕ,ψα; α ∈A). Evidently, ϕ = p ◦  and ψα = qα ◦ πα ◦ |ϕ−1Oα .
Recall that for two maps f : X → Y and g : Z → T , a pair of topological embeddings ϕ : X → Z and ψ : Y → T is called
a topological embedding of f in g if ψ ◦ f = g ◦ϕ (for Y = T , we take ψ = idY ). We shall say that a map f : X → Y is parallel
to a space F (and write f ‖ F ), if there exists a topological embedding of f in the projection of the topological product
Y × F to the factor Y . And we shall say that a map f : X → Y is parallel to a space F under a map to a space B (and write
f ‖B× F ), if there exists a topological embedding of f in the projection of the topological product B × F to the factor B .
Deﬁnition 1. If a map f : X → Y has a topological embedding in the projection of an EPTP P = P (Y , O , F ) (respectively, in
the long projection of a PTP P = P (Y , Oα, Fα; α ∈A)), then we shall say that f is partially parallel to F and write f ‖p F
(respectively, f is partially parallel to the system of spaces λ = {Fα}α∈A and write f ‖p λ). If the set A is ﬁnite (respectively,
countable) and all Fα are copies of a space F , then we shall say that f is ﬁnitely (respectively, countably) partially parallel
to the space F and shall write f ‖ f p F (respectively, f ‖cp F ). And if a map f : X → Y has a topological embedding in the
projection of an EPTP P = P (B, O , F ) (respectively, in the long projection of a PTP P = P (B, Oα, Fα; α ∈A)), then we shall
say that f is partially parallel to the space F under a map to the space B and write f ‖pB× F (respectively, f is partially parallel to
the system of spaces λ = {Fα}α∈A under a map to a space B and write f ‖pB× λ). If the set A is ﬁnite (respectively, countable)
and all Fα are copies of a space F , then we shall say that f is ﬁnitely (respectively, countably) partially parallel to the space F
under a map to the space B and shall write f ‖ f pB× F (respectively, f ‖cpB× F ).
Lemma 1. Let we have an EPTP P = P (B, O , F ) with the projection p and the side projections q and the topological product P × B−
with the projection s× : P × B− → P . Then for B × B− and U = s−1O = O × B− , where s is the projection of the product B × B−
to the factor B, the EPTP R = P (B × B−,U = O × B−, F ) (with the projection rp and the side projection rq) may be identiﬁed
topologically with the product P × B− by means the following map : 1)  is identical on R \ U ≡ (B \ O )× B− ≡ (P \ p−1O )× B−
and 2) for b ∈ O , b− ∈ B− , t ∈ F and ((b,b−), t) ∈ (O × B−) × F ⊂ R, ((b,b−), t) = ((b, t),b−) ∈ (O × F ) × B− ⊂ P × B− . After
this identiﬁcation,
rp = p × idB− , s ◦ rp = p ◦ s× and rq = q ◦ s× = q ◦ (s|U=O×B− × idF ). (1.1)
If G ⊂ F , then  identiﬁes the subproduct RG = P (B × B−,U = O × B−,G) of R with the subproduct (PG = P (B, O ,G)) × B−
of P × B− and after this identiﬁcation,
rp|RG = p|PG × idB− . (1.2)
Proof. Evidently,  is a one-to-one mapping. We shall identify sets R and P × B− by means  . Equalities (1.1) are veriﬁed
easily.
It is clear that  maps U × F onto (O × F ) × B− topologically.
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P × B− . We may suppose that V is the product of neighborhoods V b of b in P and V b− of b− in B− . The deﬁnition of
EPTP’s allows to suppose that Vb = p−1W , where W is open in B . Then by (1.1), V = p−1W × V b− = pr−1(W × V b−) and
so V is open in R . Hence  is continuous.
Now let V is open in R . By the deﬁnitions of EPTP’s and topological products, we can suppose that V = (rp−1(G × H)),
where G and H are neighborhoods of b in B and b− in B− respectively. Then by (1.1), V = (p−1G)× H and so V is open in
P × B− . Hence −1 is continuous too and  is a homeomorphism.
The last assertion of the lemma is evident. 
In what follows, we shall identify P (B × B−,U = O × B−, F ) with P × B− by means the map  (see Lemma 1).
Proposition 1. Let we have EPTP’s Pα = P (Bα, Oα, Fα) with the projections pα , α ∈A, and B be the Tychonoff product of all Bα .
Let P be the Tychonoff product of all Pα and pr : P → B be the product of all projections pα .
Let sα be the projection of the product B to its factor Bα , Uα = s−1α Oα , R = P (B,Uα, Fα; α ∈A) and rp be the long projection of
the PTP R.
Then there exists a homeomorphism  of R onto P such that
rp = pr ◦ . (1.3)
If Gα ⊂ Fα , α ∈A, then for the subproducts PGα = P (Bα, Oα,Gα) of Pα , α ∈A, and the subproduct PG =∏{PGα: α ∈A} of P , 
realizes a homeomorphism G of the subproduct RG = P (B,Uα,Gα; α ∈A) of R onto PG and
rp|RG = pr ◦ G . (1.4)
Proof. For α ∈A and b = {bβ}β∈A ∈ B , let B−α =∏{Bβ : β ∈A \ {α}} and b−α = {bβ}β∈A\{α} . Note that
b ∈ Uα iff bα ∈ Oα.
Let qα be the side projections of Pα ; rpα , rqα be the projection and the side projection of the EPTP Rα = P (B,Uα, Fα);
rπα be the short projection of R to Rα ; prα be the projection of the product P to its factor Pα ; (prα× = (idPα ×
∏{pβ : β ∈
A \ {α}})) : P → Pα × B−α and sα× be the projection of the product Pα × B−α to the factor Pα .
Let α : Rα → Pα × B−α be the identifying map described in the previous lemma.
Take x ∈ R . Then the point y = (x) = {sα×(α(rπ(x)))}α∈A in P is deﬁned and the mapping  is continuous. Let us to
describe  more in detail.
Let x = {xα}α∈A ∈ R ⊂∏{Rα: α ∈A} and b = rp(x) = {bα}α∈A ∈ B .
If b ∈ Uα , then xα = (b = (bα,b−α), t) ∈ Uα × Fα = (Oα × B−α) × Fα , where t ∈ Fα , and:
α(xα) =
(
(bα, t),b−α
) ∈ (Oα × Fα) × B−α;
sα×
(
α(xα)
)= (bα, t);
pα
(
sα×
(
α(xα)
))= bα.
If b /∈ Uα , then xα = (b = (bα,b−α)) ∈ Rα \ Uα = (Bα \ Oα) × B−α and:
α(xα) =
(
b = (bα,b−α)
) ∈ (Bα \ Oα) × B−α ⊂ Pα × B−α;
sα×
(
α(xα)
)= bα;
pα
(
sα×
(
α(xα)
))= bα.
Hence pr((x)) = b and so pr ◦  = rp.
Now take y = {yα}α∈A ∈ P . Then the point  ′(y) = {−1α (prα×(y))}α∈A ∈
∏{Rα: α ∈A} is deﬁned and the mapping  ′
is continuous.
Let b = pr(y) = {bα}α∈A ∈ B .
If b ∈ Uα , then prα×(y) = ((bα, t),b−α) ∈ (Oα × Fα)× B−α , −1α (prα×(y)) = ((bα,b−α), t) ∈ ((Oα × B−α)× Fα) ⊂ Rα and
rpα(−1α (prα×(y))) = b.
If b /∈ Uα , then prα×(y) = (bα,b−α) ∈ (Bα \ Oα)× B−α ⊂ Pα × B−α , −1α (prα×(y)) = ((bα,b−α), t) ∈ ((Bα \ Oα)× B−α) ⊂
Rα and rpα(−1α (prα×(y))) = b.
Hence  ′P ⊂ R and so we shall consider  ′ as a map to R . Evidently, rp( ′(y)) = b and so rp ◦  ′ = pr.
It is not diﬃcult to verify that idR =  ′ ◦  and idP =  ◦  ′ . It follows from this that  is a homeomorphism.
The last assertion of the proposition can easily be checked. 
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2.1. Metrcompacta
Deﬁnition 2. For a space X , a continuous function f : X → [0,1] selects functionally a family λ of subsets of X if
(∗) ⋃λ = f −1(0,1] and for any O ∈ λ, the function f O with f O |O = f |O and f O |X\O ≡ 0 is continuous.
A family λ of subsets of a space X will be called jointly functionally open if there exists a continuous function that selects
functionally λ.
Note that:
every locally ﬁnite disjoint (in particular, discrete) family of functionally open subsets of a space is jointly functionally
open,
if a family λ is jointly functionally open, then
every O ∈ λ is closed-open in ⋃λ and
the family {⋃λ} ∪ λ is also jointly functionally open.
The notion of a jointly functionally open family allows to formulate the following corollary of Bing’s metrizations theo-
rem.
Theorem 1 (Metrization theorem). A T0-space X is metrizable iff there exists a base for X that is the union of jointly functionally open
and disjoint families λi , i ∈N.
Proof. If X is metrizable, then there exists a base for X that is the union of discrete families λi , i ∈ N. These families are
jointly functionally open and disjoint.
Let there exist a base for X that is the union of jointly functionally open and disjoint families λi , i ∈ N. Then X is
Tychonoff. Take continuous functions f i : X → [0,1] having property (∗) with respect to λi . Then the union of families
λin = ( f −1(1/n,1]) ∧ λi = {( f −1(1/n,1]) ∩ O : O ∈ λi}, i,n ∈N, is a σ -discrete base for X . 
Deﬁnition 3. A family λ of open subsets of a space X will be called weakly discrete in entourage O λ if Oλ ∈ λ, ⋃λ = Oλ , all
O ∈ λ− = λ \ {Oλ} are closed in Oλ and λ− is disjoint. If, additionally, λ− is dense in Oλ (i.e. Oλ ⊂ cl∪ λ−), then λ is called
dense weakly discrete in entourage Oλ .
Recall that a family λ of open subsets of a space X T0-separates X if for any pair of distinct points x, x′ ∈ X , there exists
O ∈ λ such that |O ∩ {x, x′}| = 1.
Deﬁnition 4. We shall say that a compactum X is:
a metrcompactum if
(∗∗) there exists a family λ of open sets in X that T0-separates X and is the union of jointly functionally open and dense
weakly discrete families λ(i) in entourages Oλ(i) , i ∈N;
a weak metrcompactum if (∗∗) holds but λ(i) are not necessarily dense in Oλ(i) .
Remark 1. Recall that for n ∈ N ∪ {0}, the order of a family λ of subsets of a space X is  n if any point of X is contained
in not more than n + 1 elements of λ.
Recall also that a compactum X is (uniform) Eberlein if there exists a T0-separating X fo family λ in X such that it is the
union of point-ﬁnite (of order  n(i)) families λi , i ∈N.
A compactum X will be called n-uniform Eberlein if there exists a T0-separating X fo family λ in X such that it is the
union of families λi of order  n for any i ∈N (n ∈N∪ {0}).
Thus
all weak metrcompacta (and all metrcompacta) are 0-uniform Eberlein compacta.
(Because every λi in Deﬁnition 4 is the unions of two functionally open families (see Deﬁnition 3) {Oλi } and λ−i of order
 0.)
It follows from this that
every weak metrcompactum X is a Fréchet–Urysohn space,
contains a dense metrizable Gδ-subset and w(X) = d(X).
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w(X) = w(M) for every weak metrcompactum X and its dense metrizable subset M .
Evidently,
subcompacta of weak metrcompacta are weak metrcompacta.
At last,
all metrizable compacta are metrcompacta.
Indeed, if B is a countable base for a metrizable compactum X , then for any O ∈ B the family λ(O ) = {Oλ(O ) = O , O }
is jointly functionally open and dense weakly discrete in its entourage Oλ(O ) and the family λ =⋃{λ(O ): O ∈ B} T0-
separates X .
Let X be a weak metrcompactum (a metrcompactum) and a family λ of open sets in X T0-separate X and be the union
of jointly functionally open and (dense) weakly discrete families λ(i) in entourages Oλ(i) , i ∈ N. Evidently, X \⋃λ consists
of not greater than one point. For the sake of deﬁniteness, we shall suppose that X \⋃λ consists of a point 0λ . Since all⋃
λ(i) = Oλ(i) and ⋃λ are of type Fσ in X , the point 0λ has the countable character in X .
Take a continuous function f i : X → [0,1] that selects functionally the family λ(i). Let B1 = {Un = [0,1/n): n ∈ N} and
for O in = f −1i Un , let λ(in) = {Oλ(in) = O in, O in}. Evidently, all families λ(in) are jointly functionally open and dense weakly
discrete in entourages Oλ(in) .
Take a countable base B2 for (0,1] such that cl[0,1]U ⊂ (0,1] for any U ∈ B2. Then for U ∈ B2, λ(iU ) = ( f −1i U )∧λ(i) and
Oλ(iU ) = ( f −1μ U ) ∩ Oλ(i) , all families λ(iU )− are jointly functionally open and (dense) weakly discrete in entourages Oλ(iU ) .
Let (see Deﬁnition 3) Rλ(i) = Oλ(i) \⋃λ(i)− , Rλ =⋃{Rλ(i): i ∈N}, Mλ = X \ Rλ .
Prove that
(#) (a) every family λ(iU∩) = Mλ ∧ λ(iU )− is discrete in Mλ and⋃λ(iU∩) = Mλ ∩ Oλ(i) ,
(b) every family λ(in∩) = Mλ ∧ λ(in)− = {Mλ ∩ O in} is discrete in Mλ and⋃λ(in∩) = Mλ ∩ Oλ(in) ,
(c) Sλ = (⋃{λ(in∩): n ∈N}) ∪ (λ∩ =⋃{λ(iU∩): i ∈N}) is a (σ -discrete) subbase for Mλ and Mλ is metrizable.
(a) Take i ∈N and U ∈ B. Any point x ∈⋃λ(i)− has a neighborhood meeting not greater than one member of λ(i)− and
of λ(iU )− too. Since Oλ(iU ) \ (⋃λ(iU )) ⊂ Ri and cl[0,1]U ⊂ (0,1], any point x ∈ X \ ((⋃λ(i)−) ∪ Rλ(i)) has a neighborhood
not meeting
⋃
λ(iU )− . Thus λ(iU )− is discrete in X \ Rλ(i) and so λ(iU∩) is discrete in Mλ .
(b) is evident.
(c) Take x ∈ Mλ , x = 0λ . Let y ∈ X , y = x. There exists i such that f i y = f ix. If f ix ∈ (0,1], then there exist U ∈ B2 and
O ∈ λ(i) such that f i y /∈ cl U and y /∈ cl(O ∩ f −1i U ) ⊃ O ∩ f −1i U  x. Now let f ix = 0. Then there exist Un ∈ B1 such that
f i y /∈ cl Un and y /∈ cl Oni ⊃ Oni  x.
Now let Ox be a neighborhood of x in X . Since X \ Ox is a compactum, there exist O (k) ∈ Sλ , k = 1, . . . , l, such that
x ∈⋂{O (k): k = 1, . . . , l} ⊂ Ox. It follows from this that Sλ is a subbase for Mλ .
Finally, every Rλ(i) is an Fσ -set in X . Hence
Rλ is of type Fσ and so Mλ is of type Gδ in X.
If λ(i)− is dense in entourage Oλ(i) for any i, then (Rλ(i) is a nowhere dense Fσ -set in X and so) Mλ is a dense Gδ-set in X.
We have proved the following.
Theorem 2. Let X be a weak metrcompactum (a metrcompactum) and a family λ of open sets in X T0-separate X and be the union of
jointly functionally open and (dense)weakly discrete families λ(i) in entourages Oλ(i) , i ∈N. Then the subspace Mλ = X \⋃{(Rλ(i) =
Oλ(i) \⋃λ(i)−): i ∈ N} of X is metrizable, Mλ is a Gδ-set in X and Mλ is dense in X if λ(i)− is dense in Oλ(i) for any i. Besides,
there exist (in X ) jointly functionally open and (dense) weakly discrete families μ( j) in entourages Oμ( j) , j ∈ N, such that every
μ( j∩) = Mλ ∧ μ( j)− is discrete in Mλ ,⋃μ( j∩) = Mλ ∩ Oμ( j) and μ∩ =⋃{μ( j∩): j ∈N} is a (σ -discrete) subbase for Mλ .
Let under notation of the previous theorem, B =⋃{(μ(ν∩) =∧{μ( j∩): j ∈ ν}): ν ∈ ﬁn(N)}. Then B is a σ -discrete
base for Mλ and Theorem 2 implies the following.
Corollary 1.
1. For any U ∈ B there exists fo set V (U ) in X such that Mλ ∩ V (U ) = U and so Mλ is d-posed in X and dimM  dim X (see
[8,9,6]).
2. For any ν ∈ ﬁn(N), there exists a fo set Oμ(ν∩) in X such that Mλ ∩ Oμ(ν∩) =⋃μ(ν∩).
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for M , where all Bi are discrete in M , such that for any i, there exists a fo set O i in X with M ∩ O i =⋃Bi .
Remark. Evidently, if a metrizable space M is μ-posed in a space X , then M is d-right in X and so dimM  dim X (see
[8,9,6]).
Point 2 from Corollary 1 means that
Mλis μ-posed in X .
Proposition 2. The countable product of weak metrcompacta (of metrcompacta) is again a weak metrcompactum (metrcompactum).
Proof. Let X be the Tychonoff product of weak metrcompacta (of metrcompacta) Xk , prk be the projection of the product
X to the factor Xk and an open family λk in Xk T0-separate Xk and be the union of jointly functionally open and (dense)
weakly discrete families λ(ki) in entourages Oλ(ki) , i ∈ N, k ∈ N. Then the open family λ−1k = pr−1λk in X is the union of
jointly functionally open and (dense) weakly discrete families (λ(ki))−1 = p−1k λ(ki) in entourages pr−1k Oλ(ki) , i ∈N, and the
open family λ−1 =⋃{λ−1k : k ∈N} =
⋃{(λ(ki))−1: i,k ∈N} T0-separates X . 
2.2. Spaces Mτ and cMτ
Example 1. The Alexandroff sequence Aτ is a metrcompactum.
Indeed, the family λ consisting of Oλ = Aτ and all one-point sets of Dτ ⊂ Aτ T0-separates Aτ and is jointly functionally
open and dense weakly discrete in entourage Oλ .
Remark 2. Evidently, Dτ is the simplest metrizable space of weight τ and Aτ is the simplest metrcompactum of weight τ .
Example 2. Take the hedgehog space J (τ ) of spininess τ (see [5]). Let 0 Jτ be the common point of all spines of J (τ ).
Evidently, there exists a map p : J (τ ) → I = [0,1] such that p(0 J ) = 0 and the restriction of p to every spine is a
homeomorphism of the correspondent spine onto I . It is easily seen that J (τ ) is the EPTP P (I, O = (0,1], Dτ ) with the
projection p. Let q be the side projection of this EPTP, Jt = (q−1t = (0,1] × {t}), t ∈ Dτ , and the family μ( Jτ ) consist of
O Jτ = p−1(0,1] and Jt , t ∈ Dτ . Fix a countable base B for I and let μ( Jτ V ) = {O Jτ V = p−1V , p−1V }, V ∈ B. The families
μ( Jτ ) and μ( Jτ V ) are jointly functionally open and dense weakly discrete in entourages O Jτ and O Jτ V , V ∈ B. The family
κ( J (τ )) = μ( Jτ ) ∪ (⋃{μ( Jτ V ): V ∈ B}) will be called canonical for J (τ ).
It follows from the deﬁnition of EPTPs that
κ
(
J (τ )
)
is a subbase for J (τ ).
The EPTP c J (τ ) = P (I, O = (0,1], Aτ ) is a Hausdorff compactiﬁcation of J (τ ). Let cp and cq be the projection and
the side projection of c J (τ ) respectively. Then Jt = cq−1t for t ∈ Dτ . Evidently, the family μ(c Jτ ) consisting of Oc Jτ =
cp−1(0,1] and Jt , t ∈ Dτ , is jointly functionally open and dense weakly discrete in entourage Oc Jτ . The families μ(c Jτ V ) =
{Oc Jτ V = cp−1V , cp−1V }, V ∈ B, are also jointly functionally open and dense weakly discrete in entourages Oc Jτ V . The
family κ(c J (τ )) = {μ(c Jτ )} ∪ (⋃{μ(c Jτ V ): V ∈ B}) will be called canonical for c J (τ ). Evidently,
(##) J (τ ) ∧ κ(c J (τ ))= κ( J (τ )).
Since
κ
(
c J (τ )
)
T0-separates c J (τ ) and p is partially parallel to Aτ ,
c J (τ ) is a metrcompactum and dim p = 0.
Evidently,
(###) w
(
c J (τ )
)= τ .
Below, Aτ i is a copy of Aτ , Dτ i consists of all isolated points of Aτ i and 0 Jτ i is the non-isolated point of Aτ i , i ∈ N.
We shall consider cMτ = (c J (τ ))ω as the product ∏{(cPi = P (Ii = I, O (i) = (0,1], Aτ i)): i ∈ N} and Mτ = ( J (τ ))ω as the
subproduct
∏{(Pi = P (Ii = I, O (i) = (0,1], Dτ i)): i ∈ N} of the product cMτ . Let Q =∏{Ii = [0,1]: i ∈ N} and si : Q → Ii
be the projection of the product Q onto its factor; cpi and cqi , respectively, pi and qi , be the projection and the side
projection of the EPTP cPi , respectively, Pi ; cpri and pri be the projections of the products cMτ and Mτ to its factors cPi
and Pi , respectively; cpτ : cMτ → Q , respectively, pτ : Mτ → Q , be the product of all maps cpi , respectively, pi .
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ical power of Aτ imply the following.
The countable topological power cMτ = (c J (τ ))ω of c J (τ ) is a metrcompactum of weight τ and dimcpτ = 0 (more exactly, any
ﬁber of cpτ is either the countable or a ﬁnite topological power of Aτ ).
Remark 3. Since the hedgehog space J (τ ) is dense and of type Gδ in c J (τ ) and is metrizable,
the subproduct Mτ = ( J (τ ))ω of (c J (τ ))ω is a dense Gδ-subset of cMτ and is metrizable.
Let μ(c Jτ i) (respectively, μ( Jτ i)) consist of Oc Jτ i = (cpi)−1(0,1] (respectively, O Jτ i = p−1i (0,1]) and Jti = (0,1] × {t},
where (0,1] ⊂ Ii = I , t ∈ Dτ i . As it was noted above, these families are jointly functionally open and dense weakly discrete in
entourages Oc Jτ i and O Jτ i , respectively. The families μ(c Jτ V i) = {Oc Jτ V i = (cpi)−1V , (cpi)−1V } (respectively, μ( Jτ V i) =
{O Jτ V i = p−1i V , p−1i V }), V ⊂ Ii = I , V ∈ B, are also jointly functionally open and dense weakly discrete in entourages
Oc Jτ V i (respectively, O Jτ V i). As above, let the canonical families κ(c J (τ )i) and κ( J (τ )i) for cPi = c J (τ ) and Pi = J (τ ) be
equal to {μ(c Jτ i)} ∪ (⋃{μ(c Jτ V i): V ∈ B}) and {μ( Jτ i)} ∪ (⋃{μ( Jτ V i): V ∈ B}), respectively.
Now let κ(cMτ i) = cpr−1i κ(c J (τ )i), κ(Mτ i) = pr−1i κ( J (τ )i).
Since the family μ(cMτ i) = cpr−1i μ(c Jτ i) is jointly functionally open in cMτ and dense weakly discrete in its en-
tourage OcMτ i = cpr−1i (cpi)−1(0,1] = cp−1s−1i (0,1] and for any V ⊂ Ii = I , V ∈ B, the family μ(cMτ iV ) = cpr−1i μ(c Jτ V i) =
{OcMτ iV = cpr−1i O c J (τ )V i = cpr−1i (cpi)−1V = cp−1s−1i V , cp−1s−1i V } is also dense weakly discrete in its entourage OcMτ iV .
Hence κ(cMτ i) is the countable union of jointly functionally open in cMτ and dense weakly discrete in their entourages
families. Similarly, μ(Mτ i) = pr−1i μ( Jτ i) is a jointly functionally open in cM(τ ) and dense weakly discrete in its entourage
OMτ i = pr−1i (pi)−1(0,1] = p−1s−1i (0,1] family and for any V ⊂ Ii = I , V ∈ B, the family κ(Mτ iV ) = pr−1i μ( Jτ V i) =
{OMτ V i = pr−1i O J (τ )V i = pr−1i (pi)−1V = p−1s−1i V , p−1s−1i V } is also dense weakly discrete in its entourage OMτ iV . Hence
κ(Mτ i) is the countable union of jointly functionally open in Mτ and dense weakly discrete in their entourages families.
Since κ( J (τ )i) is a subbase for Pi and κ(c J (τ )i) T0-separates cPi , the union κ(Mτ ) of all κ(Mτ i) is a subbase for Mτ and
the union κ(cMτ ) of all κ(cMτ i) T0-separates cMτ . Besides, it follows from (##) that
κ(Mτ i) = Mτ ∧ κ(cMτ i), i ∈N.
This implies that
Mτ is d-posed and μ-posed in cMτ .
Let Ui = s−1i (0,1], R = P (Q ,Ui, Aτ i; i ∈ N), rp be the long projection of the PTP R , RM be the subproduct
P (Q ,Ui, Dτ i; i ∈N) of the PTP R and rpM = rp|RM . By Proposition 1,
there exist homeomorphisms  : R → cMτ and M : RM → Mτ such that M = corMτ (|RM ) and rp = cpτ ◦  , rpM = pτ ◦ M.
Corollary 2. Projections cpτ and pτ are countably partially parallel to the Alexandroff sequence Aτ and to the discrete space Dτ
respectively.
It follows from Corollary 2 that
each ﬁber of cpτ is either the countable or a ﬁnite topological power of Aτ and each ﬁber of pτ is either the countable or a ﬁnite
topological power of Dτ .
2.3. Universality of Mτ and cMτ , metrcompactiﬁcations of metrizable spaces
We use the notation of the previous point.
Theorem 3. For a compactum X of weight  τ the following conditions are equivalent:
1. X is a weak metrcompactum (is a metrcompactum);
2. there exists a topological embedding e of X in cMτ (such that eX ∩ Mτ is dense in eX).
Proof. 1 ⇒ 2. Take an open family λ in X that T0-separates X and is the union of jointly functionally open and (dense)
weakly discrete families λ(i) in entourages Oλ(i) , i ∈ N. Let (see Deﬁnition 3) R(i) = Oλ(i) \⋃λ(i)− and λ(i)− = {O s: s ∈
S(i)}. Since |S(i)|  τ , we can suppose that S(i) ⊂ Dτ i . Since the family λ(i) is jointly functionally open, there exists a
continuous function ϕi : X → Ii = [0,1] selecting functionally this family. In particular, Oλ(i) = ϕ−1(0,1]. Deﬁne the mappingi
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the diagonal product i = (ϕi,ψi) : X → (cPi = c J (τ )) is continuous and Oλ(i) = −1i (Ui = cp−1i (0,1]), O s = −1i (Us =
(cqi)−1s), s ∈ S(i). The diagonal product e : X → (cMτ = (c J (τ ))ω)) of all i is continuous and Oλ(i) = e−1(cpr−1i U i),
O s = e−1(cpr−1i Us), s ∈ S(i), i ∈ N. Since the family λ T0-separates X , the map e is injective. Since X is a compactum,
e is a topological embedding.
Evidently, e(x) ∈ Mτ iff x /∈ (Rλ =⋃{R(i): i ∈ N}). If ⋃λ(i)− is dense in Oλ(i) for any i, then R(i) is a nowhere dense
Fσ -set in X for any i and X \ Rλ is a dense Gδ-set in X . Hence Mτ ∩ eX = e(X \ Rλ) is dense in eX .
2 ⇒ 1. Identify X and eX by means e. Let λ(i)− = {X ∩ (cpri)−1((cqi)−1s): s ∈ Dτ i}, Oλ(i) = X ∩ (cpri)−1((cpi)−1(0,1]) =
X ∩ (cpri)−1((cqi)−1Aτ i), λ(i) = {Oλ(i)} ∪ λ(i)− , λ =⋃{λ(i): i ∈ N}. Then the family λ T0-separates X , all families λ(i) are
jointly functionally open and weakly discrete in entourages Oλ(i) . Hence X is a weak metrcompactum.
Let X ∩ Mτ is dense in X . Then X ∩ Mτ = X ∩⋂{cpr−1i (cqi)−1Dτ i): i ∈ N} = X ∩
⋂{⋃λ−i : i ∈ N} is dense in Oλ(i) for
any i and so
⋃
λ−i is dense in Oλ(i) , i ∈N. 
Corollary 3. The compactum cMτ is a universal element in the classes of all weak metrcompacta and all metrcompacta of weight τ .
Since every weak metrcompactum X can be considered as a subspace of some cMτ and since dimcpτ = 0, we have that
dim(cpτ )|X  0. This gives us the following.
Corollary 4. Every weak metrcompactum of weight τ has a 0-dimensional map onto a metrizable compactum whose ﬁbers are sub-
compacta of Aωτ (more exactly, this map is countably partially parallel to Aτ ).
Deﬁnition 6. A compactiﬁcation cX of a space X will be called a (weak) metrcompactiﬁcation if cX is a (weak) metrcom-
pactum.
Theorem 4. Every metrizable space M has a metrcompactiﬁcation cM such that M is d- and μ-posed in cM. Moreover for any σ -
discrete base B =⋃{Bi: i ∈ N} for M, where all Bi are discrete in M, there exists a topological embedding e : M → Mτ such that
eBi = eM ∧ κ(Mτ i) = eM ∧ (κ(cMτ i)−) and e(⋃Bi) = eM ∩ (⋃κ(Mτ i)) = eM ∩ (⋃κ(cMτ i)), i ∈N.
Proof. Let w(M) = τ ω, a base B =⋃{Bi: i ∈N} for M be such that |B| = τ and all Bi are discrete in M . Take Bi =⋃Bi
and continuous functions ϕi : M → [0,1] such that Bi = ϕ−1i (0,1]. Suppose that Bi = {O s: s ∈ S(i)} and S(i) ⊂ Dτ i . Then
the mapping ψi : Bi → Di such that ψi(O s) = {s}, s ∈ S(i), is continuous. It follows from this that the diagonal product i =
(ϕi,ψi) : M → (Pi = J (τ )) is continuous and Bi = −1i (Ui = p−1i (0,1]), O s = −1i (Us = (qi)−1s), s ∈ S(i). The diagonal
product e : M → (Mτ = ( J (τ ))ω)) of all i is continuous and Bi = e−1(pr−1i U i), O s = e−1(pr−1i Us), s ∈ S(i), i ∈ N. Since B
is a base for M , e is a topological embedding.
Identify M and e(M) by means e and let cM be the closure of M in cMτ . By the previous theorem, cM is a metrcom-
pactum and so it is a metrcompactiﬁcation of M .
Take O ∈ B. There exist i ∈ N and s ∈ S(i) such that O = O s and so O = e−1(pr−1i Us) ≡ M ∩ pr−1i Us = M ∩ cpr−1i Us =
M ∩ (UO = cM ∩ cpr−1i Us). Evidently, cpr−1i Us is fo in cMτ and so UO is fo in cM . It follows from this that M is d-posed in
cM .
Since the set cp−1i (0,1] is fo in cMτ , the set Ui = cM ∩ cp−1i (0,1] is fo in cM and we have the following equality
Bi = −1i p−1i (0,1] = −1i cp−1i (0,1] ≡ M ∩ cp−1i (0,1] = M ∩ (cM ∩ cp−1i (0,1]) = M ∩ Ui . It follows from this that M is μ-
posed in cM . 
Corollary 5. Every metrizable space has a compactiﬁcation that is a 0-uniform Eberlein compactum.
Remark 4. The assertion that every metrizable space has a metrcompactiﬁcation was published in [10], Theorem 2 (but
I have not observed that every metrcompactum is uniform Eberlein). Strengthening Arhangel’skii’s result that every metriz-
able space has an Eberlein compactiﬁcation (see [3]), T. Banakh and A. Leiderman proved (see [4]) that every metrizable
space has a uniform Eberlein compactiﬁcation. This result was told by Leiderman on his lecture at the conference in Nafpaktos.
Next day (on my lecture at the conference) I told the statement of Corollary 5 (with 1 instead of 0). This corollary may be
considered as a strengthening of Banakh–Leiderman result. In this connection in the report on my paper, the referee asks:
() is any uniform Eberlein compactum 1-uniform Eberlein?
At this moment I cannot answer this question. But I can present the following example.
Example. The one-point compactiﬁcation cU of the discrete union U of any uncountable system of nondegenerate segments
Iα , α ∈ A, is a 0-uniform Eberlein compactum, but it is not a metrcompactum and even a weak metrcompactum (moreover,
any map of cU onto a metrizable compactum is not 0-dimensional).
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contains segments Iα for α ∈ B ⊂ A and uncountable B . Hence f is not a 0-dimensional map. Thus (see Corollary 4)
cU is not a weak metrcompactum (and is not a metrcompactum).
Let Bα = {O iα: i ∈ N} be a countable base for Iα . Then the families λi = {O iα: α ∈ A}, i ∈ N, are fo and of order  0.
Evidently, λ =⋃{λi: i ∈N} is T0-separating cU . Thus
cU is a 0-uniform Eberlein compactum.
As it follows from Example,
the ﬁrst half of the ﬁrst sentence of Theorem 4 (every metrizable space has a metrcompactiﬁcation) is really stronger than the
assertion presented by Banakh and Leiderman (every metrizable space has a uniform Eberlein compactiﬁcation).
Remark 4′ . In the second letter, the referee noted that Arhangel’skii did not notice that he proved (obtaining his result
on Eberlein compactiﬁcations of metrizable spaces) that every metrizable space has a uniform Eberlein compactiﬁcation. In
the same letter, the referee wrote that I used exactly the same construction as Arhangel’skii did in the proof of his result
mentioned above.
The basic results of my paper (in particular, Theorems 3 and 4) were published in [10] (in particular, see Theorems 1
and 2). To obtain them, I used the pair of PTP’s (Ψ τ ,Φτ ) (see [10], Theorems 1), where (using the notation of this my paper)
Ψ τ = P (Q ,Ui, Aτ i; i ∈N) and Φτ = P (Q ,Ui, Dτ i; i ∈N). The construction of Ψ τ and Φτ is different from Arhangel’skii’s
one. Later (when I was preparing this my paper), I understood that the pair (Ψ τ ,Φτ ) may be identiﬁed (see Proposition 1)
with the pair (cMτ ,Mτ ). Since all topologists know what is the Tychonoff product and not all of them know what is PTP,
I decided to use the pair (cMτ ,Mτ ) instead of (Ψ τ ,Φτ ). Only after this my proof of Theorem 4 became partially similar to
Arhangel’skii’s proof of his result. But I did not notice this similarity.
Remark 5. Since any weak metrcompactum is Eberlein, for every metrizable space M and its weak metrcompactiﬁcation cM ,
we have the equality w(cM) = w(M).
3. Some dimensional properties of (weak) metrcompacta
Theorem 5. (Factorization theorem for maps to weak metrcompacta.) For any map f of a compactum X to a weak metrcompactum Z ,
there exists a weak metrcompactum Y , an onto map g : X → Y and a map h : Y → Z such that f = h ◦ g, dim Y  dim X, w(Y )
w(Z).
Proof. The case w(Z) < ω is evident. Let w(Z)ω.
By Corollary 4, X has a 0-dimensional map ϕ (whose ﬁbers are subcompacta of Aωτ ) onto a metrizable compactum Φ .
By Mardešic´’s factorization theorem, there exist a metrizable compactum Ψ and maps g′ : X → Ψ , ψ : Ψ → Φ such that
dimΨ  dim X and ϕ ◦ f = ψ ◦ g′ . Let Y be the fan product of Z and Ψ with respect to ϕ and ψ and let h, prΨ be the
projections of this product to Z and Ψ respectively (see [1], Addition to Ch. 1, §2). By First Lemma “on parallels” from [1],
Addition to Ch. 1, §2, every ﬁber of prΨ is homeomorphic to a ﬁber of ϕ . Hence dim prΨ  0 (and even all ﬁbers of prΨ
are subcompacta of Aωτ ). It follows from this that dimY  dimΨ  dim X . By Proposition 2, Y is a (weak) metrcompactum.
Since Ψ is a metrizable compactum w(Y ) = w(Z). If g : X → Y is the diagonal product of f and g′ , then f = h ◦ g . Since
gX is a subcompactum of the weak metrcompactum Y , we can take gX instead of Y . 
Remark. We can suppose (by Corollary 3) that ϕ is countably partially parallel to Aτ for τ = w(Z). Then prψ will be also
countably partially parallel to Aτ .
Corollary 6. For any weak metrcompactum X, there exist a metrizable compactum Y and an onto map gX : X → Y such that dimY 
dim X and gX is 0-dimensional (more exactly, all ﬁbers of gX are subcompacta of Aωτ for τ = w(X)).
Proof. By Corollary 4, there exists a 0-dimensional map f of X onto a metrizable compactum Z such that all ﬁbers of f
are contained in Aωτ . By the previous theorem, there exist a metrizable compactum Y and maps gX : X → Y and h : Y → Z
such that dimY  dim X and f = h ◦ gX . It follows from the last equality that all ﬁbers of gX are contained in ﬁbers of f .
Hence all ﬁbers of gX are contained in Aωτ and so they are 0-dimensional. Evidently, we can take gX instead of Y . 
Remark. It is not diﬃcult to prove that gX is countably partially parallel to Aτ for τ = w(X).
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dim X0  0 and | f −1x| n + 1 for any x ∈ X , n = 0,1, . . . . Recall also (see [2]) that for any paracompactum X ,
Ind X X . ()
Theorem 6. For any weak metrcompactum X of dimension dim X  n there exist a 0-dimensional weak metrcompactum X0 and an
onto map f : X0 → X with | f −1x| n + 1 for any x ∈ X (and so X  n).
Proof. By the previous corollary, there exists a 0-dimensional map ϕ of X onto a metrizable compactum Φ with dimΦ  n.
Take a 0-dimensional metrizable compactum Φ0 and an onto map f0 : Φ0 → Φ with | f −1t| n+1 for any t ∈ Φ . Let X0 be
the fan product of X and Φ0 with respect to ϕ and f0. Let f and ϕ0 be the projections of the fan product X to its factors
X and Φ0 respectively. By cited above First Lemma “on parallels”, the map ϕ0 is 0-dimensional and so (because dimΦ0  0)
dim X0  0. By the same lemma, | f −1x| n + 1 for any x ∈ X . By Proposition 2, X0 is a weak metrcompactum. 
Corollary 7. For any weak metrcompactum X and any its completely (in particular, strongly) paracompact [11] subspace S, S 
dim X.
Proof. Let dim X = n. By the previous theorem, there exist a 0-dimensional (weak) metrcompactum X0 and a perfect onto
map f : X0 → X with | f −1x|  n + 1 for any x ∈ X . Then the space S0 = f −1S is completely paracompact and so (see
[11]) dim S0  dim X0  0. The corestriction of the restriction of f to S0 is perfect and | f −1x| n + 1 for any x ∈ S . Hence
S  n. 
Lemma 2. For any ﬁnite disjoint family λ of fo subsets of a closed subset F of a normal space X, there exists a disjoint family μ of fo
subsets of X such that λ = F ∧ μ.
Proof. Let λ = {O i: i = 1, . . . ,n}. Take a map ϕ : F → [0,n] such that ϕ−1(i − 1, i] = O i , i = 1, . . . ,n, and let Φ : X → [0,n]
be a continuous extension of ϕ . Then the desired μ consists of sets Φ−1(i − 1, i]Φ , i = 1, . . . ,n. 
Lemma 3. If a normal space X is the union of Lindelöf subspaces Li with dim Li  0, i = 0,1, . . . ,n, then dim X  n.
Proof. (Recall that any Lindelöf subspace L of any Tychonoff space Y is z-embedded, i.e., for any fo set O in L there exists
a fo set U (O ) in X such that O = X ∩ U (O ).)
Take a ﬁnite fo cover λ of X and take a ﬁnite fo disjoint reﬁnement μi of the cover Li ∧ λ of Li . By the remark in the
beginning of this proof, there exists a fo family νi in Mi = cl Li such that μi = Li ∧ νi . Since Li is dense in Mi , the system νi
is disjoint. Since λ is fo, it is possible suppose that every element of νi is contained in some element of λ. By the previous
lemma, there exists a disjoint family ηi of fo subsets of X such that νi = F ∧ ηi . Since λ is fo, it is possible suppose that
every element of ηi is contained in some element of λ. Then η =⋃{ηi: i = 0,1, . . . ,n} is a fo reﬁnement of λ of order
 n. 
Theorem 7. (The coincidence of dimensions theorem for weak metrcompacta.) For any weak metrcompactum X and any n =
−1,0,1, . . . the following properties are equivalent:
(d) dim X  n;
(i) ind X  n;
(I) Ind X  n;
()  X  n;
(σ ) X is the union of Lindelöf p-spaces Li with dim Li  0, i = 0,1, . . . ,k n + 1.
Proof. The case n = −1 is evident.
Let we have (d) for n  0. Since X is a compactum and by (), dim X  ind X  Ind X  X . Corollary 6 implies that
conditions (d), (i), (I), () are equivalent.
Deduce (σ ) from (d). By Corollary 6, there exist a metrizable compactum Y and an onto map g : X → Y such that
dimY  dim X and g is 0-dimensional. Then Y is the union of 0-dimensional subspaces Mi with dimMi  0, i = 0,1, . . . ,k
n. Since the corestriction of the restriction of f to Li = g−1Mi is perfect and 0-dimensional, Li is a Lindelöf p-space and
dim Li  dimMi  0. By Lemma 3, (σ ) implies (d). 
Final remark. For any n = 1,2, . . . , there exists an n-uniform Eberlein compactum that is not (n − 1)-uniform Eberlein.
This answers referee’s question () in Remark 4. Besides, it follows from this that Corollary 5 also (see comments after
Example placed after Remark 4) is really stronger than the Banakh–Leiderman assertion (every metrizable space has a
uniform Eberlein compactiﬁcation).
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